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The SAFT1 equation of state captures the melting retrograde beha®ior for a ternary
( )system of poly ethylene-co-octene-1 q isooctaneq ethylene. The melting temperature

minimum depends on the polymer branch density, sol®ent composition, polymer con-
centration, and polymer molecular weight, in decreasing order of sensiti®ity. Further-
more, the effects of the sol®entrantisol®ent ratio and polymer concentration on the melt-
ing temperature are nonmonotonic, that is, their sign may change in going from low to
high pressures. Finally, the sign of the slope of the melting cur®e depends only on the
difference between the partial molar ®olume of polymer in solution and the molar ®ol-
ume of pure solid polymer.

Introduction

In order to design polymer processes, we need quantitative
phase-behavior data, for example, temperature- and pres-
sure-induced melting data usually presented as pres-

Ž .sure�temperature P�T phase diagrams. Such phase dia-
grams illustrate the common finding that increasing pressure
increases the melting temperature for pure polymers and
polymer solutions. Examples of such data have been pub-

Ž . Žlished for poly ethylene-co-octene-1 in propane Chan et al.,
. Ž .2000a , poly ethylene-co-hexene-1 in propane, and ethylene

Ž .qhexene-1 Chan and Radosz, 2000 , and polyethylene in
Ž .propane Plancher et al., 2003 .

However, there is experimental evidence that the effect of
pressure on the melting temperature is not always mono-
tonic, that is, at relatively low pressures, increasing pressure
can decrease the melting temperature. For example, Luszczyk

Ž .and Radosz 2003 found that the crystallization and melting
curves for tetracontane in propane, when plotted in P�T co-
ordinates, exhibit a temperature minimum; the melting tem-
perature decreases with increasing pressure at low pressures
and it increases with increasing pressure at high pressure.

Ž .Luszczyk and Radosz 2002 proved experimentally that te-
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tracontane in propane can be crystallized upon decompres-
sion, which is counterintuitive, and, hence, was referred to as
retrograde crystallization. We extend this term to melting as
well. Such a retrograde behavior is somewhat analogous to
the retrograde condensation in the critical region where a
constant temperature line may cross the same phase bound-

Ž .ary dew point or bubble point twice.
Similar observations have been reported for solid�

Ž .liquid�vapor SLV systems, for example, naphthalenerCO ,2
biphenylrCO , vanillinrCO , ethyl-o-vanillinrCO , and2 2 2

Ž .LDPErCO Fukne-Kokot et al., 2000 , and for liquid�liquid´2
Ž . Ž .LL polyalkylsiloxane blends Imre et al., 2002 .

In this work, we want to explore the extent to which a the-
oretically based polymer equation of state can predict such a
retrograde melting in polymer solutions. We select SAFT1
Ž .Adidharma and Radosz, 1998 , because it explicitly accounts
for the effects of polymer molecular weight, polymer branch
density, polymer concentration, and solvent properties. We

Žapply SAFT1 to a ternary system of poly ethylene-co-octene-
. Ž . Ž .1 EO in a mixed solvent of ethylene C2 and isooctane
Ž . ŽiC8 , for which Luszczyk and Radosz unpublished data,

.2000 took experimental data. Ethylene plays the role of an
antisolvent in this system.
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Calculating Solid�Liquid Transitions for
EOrrrrrC2rrrrriC8

To calculate SL transitions of polymer solutions, we need
not only an equation of state, but also an approximation de-
scribing the solid state. One approximation that has been
widely used for this purpose is an exclusion model described

Ž . Ž .by Harismiadis and Tassios 1996 , Pan and Radosz 1999 ,
Ž .and Adidharma and Radosz 2002 . In this approximation,

the solid phase is pure polymer containing two discrete do-
mains, crystalline and amorphous. Assuming that the fugacity
of the crystalline part of the polymer molecule is equal to the
fugacity of the polymer molecule as a whole, a thermody-
namic cycle leads to the following working equation quoted

Ž .from Pan and Radosz 1999

L L�̂ x �h T �®Pp p u m
ln sy y1 q cu 1Ž .L ž /ž / RT T RT� mp

ˆLwhere � is the fugacity coefficient of polymer in solution,p
� L is the fugacity coefficient of pure liquid polymer, x L isp p
the polymer mole fraction in solution, �h is the enthalpy ofu

Ž .melting per mole crystal unit f8220 Jrmol of crystal unit ,
T is the melting temperature of pure polymer, T is them
melting temperature of polymer in solution at the specified
pressure P, R is the gas constant, �® is the difference in
molar volume between pure liquid and pure solid polymers at

Ž 3 .T f4.937 cm rmol of crystal unit , u is the number of crys-
Žtallizable units in a polymer molecule in this case, the num-

.ber of ethylene units , and c is a model parameter quantify-
ing the fraction of the crystallizable units that are actually
crystallized, which is fitted to experimental SL equilibrium
data.

Ž .In order to estimate T , following Flory 1953 , Pan andm
Ž .Radosz 1999 assumed that the crystal thickness is infinite.

Thus, the melting point of pure copolymer is given by

1 1 R
s y ln 1y X 2Ž . Ž .0T � HTm um

where T 0 is the melting temperature of pure polyethylenem
Ž .with infinite crystal thickness f415 K , and X is the mole

fraction of comonomer units in the copolymer. Equation 2 is
a reasonable but not very accurate approximation of T . Itsm
accuracy is reflected in the extent to which the exclusion

Žmodel can predict the pure-polymer limit Adidharma and
.Radosz, 2002 .

The SAFT1 equation of state developed by Adidharma and
Ž .Radosz 1998 on the basis of perturbation theory of square-

Ž .well fluids Barker�Henderson’s perturbation theory is used
to calculate the fugacity coefficients. As in the work of Chan

Ž .et al. 2000a , we model the EO molecules as heteroseg-
mented chains consisting of two types of segments, the back-
bone type and the branch type.

The parameters for the backbone-type segments are ob-
tained from correlations developed for long n-alkanes
Ž .Adidharma and Radosz, 1998 . The parameters for the
branch-type segments are assumed to have the same SAFT1
parameters as those of n-hexane, because EO has six-carbon
side branches. The parameters for the two EO samples used
in this work, along with those for ethylene and isooctane, are
given in Table 1. We label each polymer according to its

Ž . Žbranch density BD . Following the polymer type EO in our
. Žcase , each label specifies BD number of branches per 100

. Žethyl units in the backbone and M number-averagedn
.molecular weight . For example, EO-4-40k means EO with a

BD of 4 and an M of 40,000.n
We need five binary interaction parameters, k , to modeli j

this ternary system, that is, k , k ,backbone-C2 branch-C2
k , k , and k . We set k equal tobackbone-iC8 branch-iC8 C2-iC8 C2-iC8

Ž .zero and fit the other k to fluid�liquid FL equilibriumi j
Ž . Ž .cloud-point data Luszczyk and Radosz, 2000 ; we do not fit
any k to the SL data. The results are shown in Table 2.i j
Using these k , we fit the parameter, c, needed in Eq. 1, toi j

Ž .the melting data Luszczyk and Radosz, 2000 . As mentioned
Ž .in Chan et al. 2000a , the parameter c decreases as the

comonomer composition increases, as expected, but it reaches
a certain limiting value at high comonomer concentration.
Thus, the parameter c in this work can also be correlated as
follows

wco
cs0.11808q0.88192exp y 3Ž .ž /0.95037

Table 2. Binary Interaction Parameters k as Empiricali j
Functions of Temperature

�k Sourcei j

C2-iC8 0 This work
y5 Ž .Backbone-C2 0.052652y8�10 T Chan et al. 2000b

y5 Ž .Branch-C2 0.01266y5�10 T Chan et al. 2000b
y5Backbone-iC8 0.02427y9.56644�10 T This work

Branch-iC8 y0.055 This work

�T is the temperature in K.

Table 1. SAFT1 Parameters for EO, Ethylene, and Isooctane
00 3 0Ž . Ž . Ž .m ® cmrmol u rk K � Source

Ethylene 1.383 14.496 146.824 1.7372 Chan et al., 2000b
Isooctane 2.966 24.292 217.975 1.7109 This work

00 00 0 0 ‡Ž . Ž . Ž . Ž .m† ® † ® u rk † u rk � �bb br bb br bb br
�EO-4-45k 1060.449 25.202 21.086 281.903 222.578 1.6542 1.6885 This work

��EO-14-76k 1797.100 25.206 21.086 281.963 222.578 1.6542 1.6885 This work

Abbre®iations: bb: backbone; br : branch.
� Ž .M s104,300; M s 44,600; w s 0.139 BDs 3.9 .w n co�� Ž .M s154,000; M s 75,600; w s 0.387 BDs13.6 .w n co† Ž .Calculated from correlations for hydrocarbons Adidharma and Radosz, 1998 .
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Figure 1. P–T phase diagrams for EOrrrrrC2rrrrriC8 close to
SL transitions.
Solid circles: experimental melting data; open circle: experi-
mental VL transition; solid curves: calculated.

Ž .where w is the weight fraction of comonomer octene-1co
units in the polymer.

Figure 1 shows that such a model can quantitatively repre-
Ž .sent the vapor�liquid VL and SL data, including the retro-

grade behavior, which was not part of fitting. This model is
Žalso found to represent the LL equilibria at higher tempera-

.tures; not shown in Figure 1 , which is not surprising because
the LL data were used to fit k . These LL equilibria are ofi j
the LCST-type.

Simulation Results
The purpose of the calculated SL boundaries, presented in

Figures 2�6 in P�T coordinates, is to illustrate the effects
of polymer molecular weight, BD, concentration, and sol-

Ž .ventrantisolvent iC8rC2 ratio. In these figures, the nearly
horizontal lines represent FL boundaries, that is, either VL
or LL boundaries. Open circles represent the SL points hav-

Ž .ing the minimum melting temperatures T , P . We usemin 0
these points to characterize the retrograde behavior. A col-
lection of these points forms a locus shown with a light curve.
The boundaries at pressures below the FL boundaries are
calculated as SL transitions, and, hence, may not be a good
approximation of the actual SFL boundaries; they are shown
qualitatively to illustrate the slope.

Figure 2 illustrates the molecular-weight effect, which is
found to be weak. For example, on going from M of 20 k ton
320 k, T increases about 0.6�C and P increases about 0.3min 0
MPa. We also find that, when the FL boundary intersects the
SL boundary above P , for example, for EO-4-80 k and EO-0
4-320 k, the melting curve does not exhibit the retrograde
behavior; it monotonically increases with increasing tempera-
ture.

Figure 3 illustrates the BD effect, which is found to be
stronger than that of the molecular weight: T decreasesmin
and P increases with increasing BD. Also, increasing branch0

Figure 2. Effect of molecular weight on the melting tem-
perature minimum for EOrrrrrC2rrrrriC8.

density is found to decrease the pressure at which the FL
boundary intersects the SL boundary, which increases the
probability of retrograde behavior.

Figure 4 illustrates the effect of solventrantisolvent ratio
Ž .iC8rC2 on the retrograde behavior: T and P increasemin 0
with a decreasing solventrantisolvent ratio. For example, de-
creasing this ratio from 8 to 1 increases T by about 2�C,min
and P by about 45 MPa. When this ratio is low enough, for0
example, 1 in Figure 4, the FL boundary intersects the SL
boundary above P , which eliminates the retrograde behav-0
ior.

Figure 4 also illustrates that, due to the retrograde behav-
ior, changing the solventrantisolvent ratio at constant pres-
sure can either increase or decrease the melting temperature

( )Figure 3. Effect of branch density BD on the melting
temperature minimum for EOrrrrrC2rrrrriC8.
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Figure 4. Effect of solventrrrrrantisolvent ratio on the melt-
ing temperature minimum for EOrrrrrC2rrrrriC8.

depending on the pressure level. For example, at pressures
higher than 30 MPa, increasing this ratio from 4 to 8 in-
creases the melting temperature. At 22 MPa, however, in-
creasing this ratio decreases the melting temperature.

Figure 5 illustrates the polymer concentration effect; the
lower the polymer concentration the lower the T and themin
higher the P . Such a T dependence is consistent with the0 min
common experimental evidence that the polymer melting
temperature generally increases with increasing concentra-
tion.

However, Figure 5 reveals an intriguing crossover at lower
pressures, in the negative-slope region. This region is ex-
panded in Figure 6. Close to the FL boundary, at constant
solventrantisolvent ratio, the melting temperature is found to

Figure 5. Effect of polymer concentration on the melt-
ing temperature minimum for EOrrrrrC2rrrrriC8.

Figure 6. Effect of polymer concentration on the melt-
ing temperature minimum for EOrrrrrC2rrrrr
iC8—crossover at low pressures.

decrease with increasing polymer concentration, which has
never been observed experimentally.

Thermodynamic Analysis
The nonmonotonic shape of the melting curve, with a mini-

mum temperature, has been predicted by SAFT1 with no fit-
ting aimed at reproducing such a retrograde behavior. We
therefore use SAFT1 to analyze the equilibrium thermody-
namics underlying this behavior. We start with a common as-

Žsumption used in the simulation and our previous work Chan
.et al., 2000a; Adidharma and Radosz, 2002 , that the solid

Ž .phase coexisting with the liquid phase is a pure solvent-free
solute. It turns out that, for such an analysis, we could easily
relax this assumption and come to the same conclusion.

The coexistence of solid and liquid phases requires the
Žequality of the chemical potential for component 1 polymer

.solute

�s T , P s�l T , P , x 4Ž . Ž .Ž .1 1 1

where T is the temperature, P is the pressure, �s is the1
chemical potential of component 1 in the solid phase, and �l

1
is the chemical potential of component 1 in the liquid phase.
The chemical potential of a solute in the solid phase is inde-
pendent of composition, as we assume that the solid phase is
pure solute.

For differential changes around the state of equilibrium,
Eq. 4 becomes

d�s T , P sd�l T , P , x 5Ž . Ž .Ž .1 1 1

Thus

��s ��s ��l ��l ��l
1 1 1 1 1

dTq dPs dTq dPq dx 6Ž .1� T � P � T � P � x1
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At constant composition, substituting the identities

��1 sy s 7Ž .1ž /� T P

��1 s® 8Ž .1ž /� P T

where s is the partial molar entropy of component 1 and ®1 1
is the partial molar volume of component 1, yields

l s l ss y s dTs ® y® dP 9Ž .Ž . Ž .1 1 1 1

where s s is the molar entropy of pure solid 1 and ® s is the1 1
molar volume of pure solid 1.

Equation 4 can also be expanded to obtain

l sh yhŽ .1 1l ss y s s 10Ž .Ž .1 1 T

lwhere h is the partial molar enthalpy of component 1 in the1
liquid phase and hs is the molar enthalpy of pure solid 1.1
Substituting this relation into Eq. 9 yields

l sdP h yhŽ .1 1s 11Ž .l sdT T ® y®Ž .1 1

or

l ldP 1 h yh q�hŽ .1 1 1s 12Ž .l sdT T ® y®Ž .1 1

where hl is the molar enthalpy of pure liquid 1 and �h is1 1
the molar enthalpy of melting of pure solid 1 given by

�h shl yhs 13Ž .1 1 1

�l s( )Figure 7. Molar values, v and v , for EO-2-40krrrrrC2rrrrr1 1
iC8 along the melting curve predicted using
SAFT1.

l l� �Since �h � h yh , and is positive, the sign of the slope of1 1 1
the melting curve, that is, Eq. 12, depends on its denomina-

l stor, that is, the volume terms. When ® � ® , dPrdT is posi-1 1
tive, and, thus, the melting temperature increases with in-

l screasing pressure. Conversely, when ® � ® , dPrdT is nega-1 1
tive, and the melting temperature decreases with increasing
pressure.

To apply this analysis quantitatively to our model, we need
to differentiate Eq. 1 instead of using Eq. 12 directly, be-

Ž 3cause an assumption that �® is constant f4.937 cm rmol
.crystal unit has been made in developing the model. By dif-

ferentiating Eq. 1, the denominator of dPrdT becomes

�l s® y ® 14Ž .Ž .1 1

Ž s.�where ® is the predicted molar volume of pure solid 11
given by

�s l® s® ycu�® 15Ž .Ž .1 1

The partial molar volume of component 1 in the liquid phase
can be calculated using

l̂� ln fŽ .1l® sRT 16Ž .1 ž /� P T , x

l̂where f is the fugacity of component 1 in the liquid phase.1
�l sŽ .Figure 7 shows the values of ® and ® for EO-2-1 1

40krethylenerisooctane along the melting curve predicted us-
�l sŽ .ing SAFT1. When ® � ® , dPrdT is positive, and, thus, the1 1

melting temperature increases with increasing pressure. Con-
�l sŽ .versely, when ® � ® , dPrdT is negative and the melting1 1

temperature decreases with increasing pressure. At Pf45
�l sŽ .MPa, ® s ® and the melting temperature reaches its mini-1 1

mum, which is consistent with the curve for the solventranti-
solvent ratio of 2 in Figure 4.

Conclusion
The SAFT1 equation of state is found to capture the melt-

Žing retrograde behavior a temperature minimum on the PT
.melting curve for a ternary system of EOrC2riC8. The calcu-

lated melting temperature minimum is found to depend on
the following system conditions: polymer branch density, sol-
ventrantisolvent ratio, polymer concentration, and polymer
molecular weight, in decreasing order of sensitivity. Further-
more, the effects of the solventrantisolvent ratio and polymer
concentration on the melting temperature are found to be
nonmonotonic, that is, their sign may change in going from
low to high pressures. Finally, the sign of the slope of the
melting curve is found to depend only on the difference be-
tween the partial molar volume of polymer in solution and
the molar volume of pure solid polymer.
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